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1 Introduction 


A global action is an algebraic analogue of a topological space. It consists of group 
actions X^, (a G $), which fulhll a certain compatibility condition (see Def¬ 

inition 2.1). In Section 2, immediately below we dehne three kinds of morphisms 
between global actions namely a general notion of morphism, then regular mor¬ 
phisms and hnally normal morphisms. It turns out that every regular morphism is 
normal. Further we dehne the product of two global actions and show how one can 
put a global action structure on the set Mor{X, Y) of all morphisms from a global 
action X to a global action Y. The main theorem of Section 2 is the Exponential Law 
2.31, which ensures that one can develop a good homotopy theory for global actions. 
In Section 3 we dehne the notion of path in a global action X, introduce the notion 
of homotopy of morphisms and dehne the fundamental group 7ri(X*) of a global 
action X at a hxed point *. Section 4 introduces the notion of covering morphism. 
We show important lifting properties and as the main result of this section Theorem 
4.8, which establishes a Galois type correspondence between connected coverings of 
a given connected global action and subgroups of the fundamental group of that 
action. 


2 Basic Definitions 

Recall that if X denotes a set and G a group then a (left) group action or just (left) 
action of G on X is a rule which associates to each pair [g, x) of elements g & G and 
a; G X an element gx & X such that if gi,g 2 G G then g^^gix) = {g 2 gi)x and such 
that if 1 denotes the identity element in G then lx = x. An action of G on X is 
often denoted by G X. A morphism G r\ X ^ G' r\ X' of left actions is a pair 
{h, s) consisting of a group homomorphism h : G ^ G' and a function s : X —)■ X' 
such that for any g E G and a; G X s{gx) = h{g)s{x). 

The notion of a right action of G on X and a morphism of right actions is 
dehned similarly . 

Definition 2.1 (global action) Let X denote a set. A (left) global action on X 
consists of a set {G^ r\ X^Iq; G of group actions G^ r\ X^ where each X^ C X 
and <h is an indexing set equipped with a reflexive relation < such that the following 
holds: 

(a) If a < (3 then X^ fl Xp is stable under the action of Gq,, i.e. if G Gq and 
X G Xq n Xp then gx G X^ fl Xg. Thus G^ r\ (Xq, fl X^). 

(b) Suppose q; < G <F. Then as part of the structure of a global action there is a 
group homomorphism Gq ,</3 : Gq, —)■ Gg such that the pair {Ga<iiGxar\Xp,Xp) is 
a morphism Ga (Xq fi Xg) Gp r\ Xg of group actions where ixar\Xp,Xp '■ 
Xq, n Xg Xg denotes the canonical inclusion. Such a homomorphism Ga<g 
is called a structure homomorphism. It is assumed that Ga<a '■ Ga —t Gq, is the 
identity map. 
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The set X equipped with a global action is called a global action space or simply a 
global action. The sets Xa are called local sets, the groups Ga local groups, and the 
actions X^ local actions. 

Remark (a) In this thesis it will additionally be assumed that X = u • 

(b) Since it is not assumed that the relation on $ is transitive, it follows that if 
a < /3 and /3 < 7 then it does not follow automatically that a < 7 , but it 
is also not forbidden that o: < 7 . Suppose a < 7 . Then Ga<i 3 , G/ 3<7 and 
Ga <7 are structure homomorphisms but it is not assumed that Gg<.yGa<g = 
Ga<^, although this equality is also not forbidden. However, in many situations 
which arise naturally, the relation on <h is transitive and the composition rule 
Gj3<.yGa<g — Gci<^ holds. 

Below are two important examples of global actions. 

Example 2.2 Let G denote a group and let denote a set which is indexing a set 
{Ga\oi G of subgroups Ga of G, i.e. if Ga = Ga' then a = a', which is closed 
under taking intersections, i.e. if a,/d G <h, 3 a 7 G 9 Ga CiGg = Equip <h 
with the reflexive, transitive relation defined by a < 77 Ga ^ Gg. If a < /d let 

Ga<g denote the canonical inclusion homomorphism Ga ^ Gg. Let X = G and for 
each a G let Xa = X. Let Ga act on Xq(=X) by left (or right) multiplication. 
Then {Ga Xa\a G is a global action on X. This example is called a standard 
single domain global action. 

Example 2.3 (line action) Let X = Z, $ = Z U {*} and = {n, n + 1} if n G Z 
and X* = Z. Let Gn = 'LjXL if n G Z, G* = 1 and let Gn {n, n +1} be the group 
action such that the non-trivial element of G{^n,n+i} exchanges the elements n and 
n+1. Let the only relations in $ be * < n for all n G Z. Let G^<n '■ {1} G^ri,n+i} 
denote the unique group homomorphism. This example is called the line action. 

We prepare now for the notion of a morphism of global actions. 

Definition 2.4 (local frame) Let {Ga Xq,|q; G denote a global action on 
the set X and let a G <h. A local frame at a or simply an a-frame is a hnite 
set {xQ,...,Xp} C Xa such that Ga acts transitively on {xq, ...,Xp}, i.e. for each 
* (1 < * < p), there is an element gi G Ga 9 giXQ = Xi. 

Definition 2.5 (morphism of global actions) Let {Ga Xa\a G and {Hg r\ 
X/ 3 I /3 G T} be global actions on X and Y, respectively. Then a morphism f : X ^ Y 
of global actions is a function f which preserves local frames, i.e. if {xq, ...,Xp} is a 
local frame in X then {fxo,..., fxp} is a local frame in Y. 

Remark li f : X ^ Y, g : Y Z are morphism of global actions then obviously 
their composition gf : Y ^ Z is a morphism of global actions. 

Example 2.6 Let A be a gobal action on a space X, B = {Hg rv Y^|/d G T} be 
a global action on a space Y such that 3/3 G T and an element y & Yg such that 
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Hjsy = Yp, i.e all elements of F/j are in the orbit of some element y G Yj^. Then any 
function f : X ^ Y whose image lies in Yjs is a morphism of global actions. 

Example 2.7 This example is a special case of Example 2.6. Dehne the global 
action B as follows; There is only one group Gi = Z, which acts on itself by left 
addition (of course Gi<i is the identity map idz : Z —)■ Z). Then the function idz 
is a morphism from the global action space Z equipped with the line action dehned 
in Example 2.3 to Z equipped with the global action B. 

Definition 2.8 (regular morphism ) Let {Ga Xa\c( G denote a global action 
on X and {Hjs Ygl/S G T} a global action on Y. A regular morphism 77 : X —)■ Y 
is a triple (t, k, A) where 

(a) 7 . : $ —)■ T is a function such that L{a) < i{/3) whenever a < /3, i.e. l is relation 
preserving. 

(b) K is a rule which assigns to each a G <h a group homomorphism Ha '■ Ga —t H^(^a) 
such that ii a < (d then the diagram 

a. ^ 

Ga<p 

Gy 

commutes. (Thus, if the relations on $ and T are transitive (and therefore 
and T are categories in the obvious way) and the composition rules Gi 3 <^Ga<y = 
Ga<-y and Hgi<^iHai<yi = Ha'<Y hold then G and H are functors on respectively 
$ and T, with values in groups, 7. is a functor $ — )■ T, and k dehnes a natural 
transformation G( ) —)■ //( ) of functors dehned on $.) The rule k will be called 
a natural transformation k \ G[ ) ^ from G( ) to //( ) even though <h and 
T might not even be categories. 

(c) A : X —)■ Y is a function such that A(Xq) C Y^(^a) Va G 

(d) For all a G <h the pair {Ka-, A|xc) • Ga X^ —)■ Tfqo) is a morphism of 

group actions. 

A regular morphism 77 = (7., /t. A) : X —)■ Y is called an extension of a morphism 
/:X— )-YifA = /. A regular morphism 77 = (t, /t. A) : X —)■ Y is called a regular 
isomorphism if there is a regular morphism 77' = (7.', k', A') : Y —)■ X such that d is 
inverse to 7., A' is inverse to A and i^'pa) inverse to Ka- Such a regular morphism 
77' is called the inverse of 77. A regular morphism 77 = (t, 7 t, A) : X —)■ Y is called a 
weak regular isomorphism if there is a regular morphism 77' = (7.', k', A') : Y —)■ X 
such that X' is inverse to A. 

Remark Condition 2.8(d) implies that a regular morphism is a morphism of global 
actions (to be more precise if (7., k, A) is a regular morphism then A is a morphism 
of global actions). 


(a) 
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To develop a homotopy theory for morphisms of global actions it is necessary 
to pnt the strnctnre of a global action on the set Mor{X, Y) of all morphisms from 
a global action X to a global action Y. 

Definition 2.9 Let {Ga r\ Xa\a G <h} denote a global action on X and r\ 
Yjsl/S G T} a global action on Y. Define a global action on Mor{X,Y) as follows. 
The index set 0 for the global action to be pnt on Mor(X,Y) is 0 = {/3 : X —)■ 
'^\/3 an arbitrary fnnction}. The relation on 0 is defined hy /3 < /3' ^ /3{x) < 
l3\x)\/x E X. If G 0 then the local set Mor{X, Y)p is defined by Mor{X, Y)^ = 
{fEMoriX,Y)\ 


(a) fix) G Y/ 3 (.) yxEX 

(b) if {xo, ...Xp} C X is a local frame in X then {/(xq), f{xp)} is a local b-frame 
in Y for some & G T snch that b > /3{xi) [0 < i < p)}. 

If /3 G 0 then the local gronp Jp at (3 is defined by -^/3(a;) ^'^cl the action 

x^X 

of Jj 3 on Mor(X, is given by 


Jp X Mor(X, Y)p -E MoriX, Y)p 
(aj) ^ af 


where 


af-.X^Y 

X l-G (Jxifix)) 


and 


is the x-coordinate of a G n Hpix). 

x&X 

One has to check that the fnnction af defined above is an element of MoriX, X)^, 
bnt the proof is straightforward. If [3, (3' G 0 and (3 < (3' then the strnctnre 
morphism J^<^/ is defined by Jp<pf = H -f^/ 3 (a;)</ 3 '(x) ■ Jp = Y[ -E J/j' = 

x^X x^X 

n 

x&X 

One checks straightforward, bnt with a little effort that (0, J(-), MoriX, X)(_)) 
defines a global action strnctnre on the set Mor(X,Y). 

The following lemma is easy to check. 

Lemma 2.10 Let X and Y be global actions. If g : Z ^ X is a morphism of global 
actions then 


Morfg, ly) : Mor(X, Y) -E MorfY, Y) 

f^fg 


6 



is a morphism of global actions. 


Unfortunately it is not necessarily the case that if Z and X are global actions 
and g X ^ Y a morphism of global actions then Mor{lz, g) dehnes a morphism 

Mor{Z,X) Mor{Z,Y) 

f^gf 

of global actions. If Mor{lz, g) is a morphism of global actions then we say that g 
is Z-normal. We make this now a dehnition. 

Definition 2.11 (Z-normal morphism ) Let Z be a global action. A morphism 
g X ^ Y of global actions is called Z-normal, if for any local frame {/o, /i, ■■■, fp} 
at (3 where (3 G Q(z,x) there is a 7 G 0(z,y) such that {gfo,gfi, ■■■:9fp} is a local 
frame at 7 . 

Lemma 2.12 Let Z be a global action and g : X ^ Y be a morphism of global 
actions. Then the function 

Mor{lz,g) : Mor{Z, X) —)■ Mor{Z,Y) 

f^gf 

is a morphism of global actions if and only if g is Z-normal. 

Proof Mor{lz, g) is a morphism of global actions 77 for all local frames {/o, /i,..., fp} 
in Mor{Z,X) {Mor-{lz,g)fo,Mor{lz,g)fi,...,Mor{lz,g)fp} = {gfo.gfi.-^gfp} 
is a local frame in Mor{Z, U) 77 g is Z-normal. □ 

Definition 2.13 (normal morphism, cx)-normal morphism) Let g : X ^ Y he a 
morphism of global actions, g is called normal, if it is Z-normal for all global ac¬ 
tions Z. g is called 00 -normal, if for any hnite set of global actions Zi, ...Zn the map 
Mor{lz„,Mor{lz„_.,,...,Mor{lz.,,g))...) : Mor{Zn, Mor{Zn-i,..., Mor{Zi, X))...) -)■ 
Mor{Zn, Mor{Zn-i,..., Mor{Zi,Y))...) is a morphism of global actions. 

The following lemma is obvious and useful. 

Lemma 2.14 If g : X ^ Y is an oo-normal morphism of global actions then for 
any global action Z Morflz, g) : Mor{Z,X) —)■ Mor{Z,Y) is oo-normal. 

Definition 2.15 A morphism g ■. X ^ Y oi global actions is called a Z-normal 
(resp. normal, oo-normal) isomorphism, if the map g is bijective and g~^ is Z- 
normal(resp. normal, cx)-normal). 

Definition 2.16 A global action X is called Z-normal (resp. normal , oo-normal 
), if every morphism whose domain is X is Z-normal (resp. normal, cx)-normal). 

A global action Y is called Z-conormal (resp. conormal, oo-conormal), if every 
morphism whose codomain is Y is Z-normal (resp. normal, cx-normal). 
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Lemma 2.17 If {i,K,X) : X ^ Y is a regular morphism then for any global ae- 
tion Z, the funetion Mor{lz-,\) '■ Mor{Z,X) —)■ Mor{Z,Y) extends to a regular 
morphism. 


Proof We shall define a relation preserving map d : 0(z,x) Q(z,y) ^ natural 
transformation k' : J(z,x)) —t J{z,y) ^'^cl show that the triple {d k' Morflzi g)) 
is a regular morphism Mor{Z,X) —)■ Mor{Z,Y) of global actions. Define d by 
d{(3) = lP WP E 0(z,x) and i^Piz) V/3 G 0(z,x)- We show now that 

z&Z 

(d, k', Mor{lz, g)) is a regular morphism. 

(a) Let / 9,7 G 0(x,y),/^ < 7 he. /3{z) < 7 ( 2 :) for all z in Z. Then {d{f3)){z) = 
{Lf3){z) = L{f3{z)) < i.('y(z)) = (cj)(z) = (d('-)'))(z) for all z E Z. Hence 
d(/3) < d(7). 


(b) We show that for all /3,'y E 0(z,x),/3 < 7 , the diagram 


(d(Z,X ))/3 

{•J(Z ,X)) PK'i 


(d(z,Y))t'(/3) 


{.J{Z,X))'i {J(Z,Y))i'{'^) 


commutes . Let /3,'y E &(z,x),/3 < 7 , then 

«7(d(Z,X))/3<7 

z£Z z£Z 

= ^/3(z)G/3(2)<7(2) 

z£Z 

~ 11 ^d/3(2))<d7(2))^/3b) 

z&Z 

= Gt(/3(2))<t(7(2)) K^giz) 

z£Z z£Z 


- {J{z,Y))‘^g<n'^'g 

= (d(Z,Y))t'(/3)<t'(7)«'/3 


(*) If a G (J{z,x))/ 3 , then 

11 ^7(2) (11 h?/ 3 ( 2 )< 7 ( 2 ) ((<^2)26^) 
z£Z z£Z 

= 'Y\^'-lY)ii.^g{z)<^{z){(^z))z&z) 

z&Z 

(^ 7 ( 2 ) (h?/3(2)<7(2) (^ 2 )) 2 gZ 
11 ^/3(2)h?/3(2;)<7(2) (^ 2 ) 26 ^ 

2 ez 
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(**) The diagram 


jj 


G 


PG)<i(x) 

G 


H, 




7(^) -^d7(^)) 


commutes for all z G Z, since (t, k, A) is a regular morphism. 


(c) We show that Mor{lz, X){Mor{Z,X)i 3 ) C Mor{Z, X)^^ni 3 ) \//3 G Q(z,x)- Let 
/9 £ 0(z,x), / £ Mor{Z, X)p. By dehnition, 

(1) f{z) e Xp^^) \/z e Z, and 

(2) if { 2 : 0 , ...,Zp} C Z is a local frame then {f{zo), ...,f{zp)} is a local b-frame 
in X for some 6 G <h such that b > (3{zi) (0 < i < p), i.e 3gi, ...,gp G Gb 
such that gif{zo) = f{zi) {I < i < p). 


We must show that Xf G {Mor{Z,Y))^gf^-^, i.e. 

(!’) {Xf){z) G W(^(,)) yz G Z, and 

(2’) if {zo,---,Zp} is a local frame in Z then {A(/( 2 :o)),..., A(/( 2 :p))} is a local 
c-frame for some c G T such that c > c(/3(zi)) (0 < i < p), i.e. 3hi, ...,hp G 
He such that hiX{f{zo)) = X{f{zi)). 


But (1) clearly implies (!’). Let now {zo,...,Zp} be a local frame in Z. Set 
c = L{b) and hi = Kb{gi) {I < i < p).Then hiX{f{zo)) = Kb{gi)X{f{ zq)) = 
X{gif{zo)) = X{f{zi)) {I < i < p) whence { 2 : 0 ,..., Zp} is a local c-frame in Y and 
obiously c > i{l3{zi)) (0 < i < p), since i is relation preserving. 

(d) We show that if /3 G 0(z,x) then Mor(l 2 , A)|(Mor(z,x)); 3 ) : {J{z,x))p r\ 
(Mor(Z,X))s —)■ (J(zY))i,(8) iMor(Z,Y)),(s) is a morphism of group actions, 

i.e. Mor(lz,A)(a/) = 4(a)Mor(lz, A)(/) Va G {Jiz,x))gJ e {Mor{Z,X))p. 
Let (3 G 0(z,x), G {J{z,x))pJ ^ {Mor{Z, X))i 3 , z G Z. Then 

(Mor(lz,A)(a/))(^) = {X{af)){z) = X{{af){z)) = X{aJ{z)) = Ki3(z){(Tz)X{f{z)) 
= = i'^pi(^)^ori^z,X){f)){z) 

Hence Mor{lz, X){af) = K'{a)Mor{lz, A)(/). □ 


Corollary 2.18 A regular morphism is oo-normal (more preeisely if {i,K,X) is a 
regular morphism then X is oo-normal). 

Proof Let (t, k,X) : X —)■ Y be a regular morphism. By applying the lemma 
above repeatedly one can show that if Zi, ...,Zn is a sequence of global actions then 
Mor{lz„,Mor{lzi, X))...) : Mor{Zn, Mor{Zn-i,Mor{Zi, X))...) -)■ Mor{Zn, 
Mor{Zn-i, ■■■, Mor{Zi,Y))...) extends to a regular morphism and hence is a mor¬ 
phism of global actions (a formal proof would be one by induction). Thus A is 
cx)-normal. □ 
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Definition 2.19 (product of global actions) Let {Ga Xa\a G denote a 
global action on X and {Hjs r\ Yis\/3 G 'Ll a global action on Y. The global ac¬ 
tion on X X Y defined by 0 = $ x T, {a, /3) < {a',/3') ^ {a < a') A {/3 < /?'), 
J{a,l3) G X H/ii J(a,l3)<{a',13') (G^a<a')-^/3</3'); ^ ^)(c«i/3) X Xp^ and J)a,f3) 

acts on (X x Y)(^a,i 3 ) by {g, h){x, y) = {gx, hy) is called the product of X and Y. 

Our next goal is to show that the exponential law holds for many global action 
spaces. This will be needed for developing a good homotopy theory of global actions. 

The following notation will be used in the next definition. If A and B are sets, 
let {A,B) = Mor(^{^sets)){A, B) . If C is also a set then the exponential law for sets 
states that the function 


Eset-.{A{B,G))^{AxB,G) (2.18.1) 

/ t Esetf 

where Esetf{cL,b) = f{a){b) is an isomorphism of sets. 

Definition 2.20 (exponential map) Let {Ga Xa\a G $} denote a global action 
on X , [Hy Y/jI/S G T} a global action on Y and [Ja Z^\'y G 0} denote a 
global action on Z. Define a regular morphism E = (t, k, A) : Mor{X, Mor{Y, Z)) —)■ 
Mor{X X Y, Y) as follows. Define 

: ^{X,{Y,Z)) -^ ^{XxY,Z) 

(X,(Y,0)) (XxY,0) 

to be the set theoretic exponential isomorphism (2.18.1). Define 
f^a ■ iJ(X,{Y,Z)))a -^ iJ{XxY,Z))i.{a) 

n (n iJc,ix)iy)) n 

x&X y&Y (x,y)£XxY 

n Ja(x){y) 

(x,y)&XxY 


in the obvious way. Define A to be the composite mapping Mor{X, Mor{Y, Y)) —)■ 

(X, (Y, Y)) (X X Y, Y) where Eset is the exponential morphism (2.18.1) (one 
can show that the image of the mapping defined above lies in Mor{X x Y,Y)). 

We want to provide conditions when the map Mor{X, Mor{Y, Y)) —)■ Mor{X x 
Y, Y) above is an isomorphism of global actions. This will be answered in Theorem 
2.31 below. 
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Definition 2.21 (cx)-exponential) A global action Z is called oo-exponential, if for 
any global actions X and Y the regular morphism 

E : Mor{X, Mor{Y, Z)) Mor{X x Y, Z) 

above is an cx)-normal isomorphism. (This means its inverse is cx)-normal). A global 
action Z is called regularly oo-exponential, if for any global actions X and Y, the 
regular morphism E above is a weak regular isomorphism. (This means its inverse 
is a regular morphism). It follows from Corollary 2.17 that Z is cx)-exponential also. 

Suppose Z is cx)-exponential. Let Xi,...,Xn be any n global actions where 
n>2. We construct now by induction on n the canonical cx)-normal isomorphism 

Cn ■ Mor{Xn, Mor{Xn-i ,..., Mor{Xi, Z))...) —)■ Mor{Xn x ... x Xi, Z). 

Let 62 : Mor{X 2 , Mor{Xi, Z) —)■ Mor[X 2 x Xi, Z) he the canonical (regular) mor¬ 
phism defined in 2.20. Since Z is cx)-exponential 62 is by definition an cx)-normal 
isomorphism. Suppose e^-i : Mor{Xn-i, ■■■, Mor{Xi, Z))...) —)■ Mor{Xn-i x ... x 
Xi, Z) has been constructed and is an cx)-normal isomorphism. Define as the com¬ 
position of the morphisms (Ix^Yn-i) : Mor{Xn, Mor{Xn_i,..., Mor{Xi, Z))...) —)■ 
Mor{Xn, Mor{Xn-i x ... x Xi, Z)), which is an cx)-normal isomorphism by the in¬ 
duction assumption for n -1 and Lemma 2.14, and the canonical morphism Mor{Xn, 
Mor{Xn-i X ... X Xi, Z)) —)■ Mor{Xn x ... x Xi, Z), which is an cx)-normal isomor¬ 
phism because Z is cx)-exponential. As a composition of two cx)-normal isomor¬ 
phisms, Cn is an cx)-normal isomorphism. □ 

The construction of e„ just given yields the following lemma. 

Lemma 2.22 If Z is 00 -exponential then the eanonieal morphism 

On : Mor{Xn, Mor(X„_i,..., Mor(Xi, Z))...) —)■ Mor{Xn x ... x Xi, Z) 

is an oo-normal isomorphism. 

The pattern of the proof of Lemma 2.22 can be taken over to prove the fol¬ 
lowing lemma. 

Lemma 2.23 If Z is regularly 00 -exponential then the eanonieal isomorphism 
defined in Lemma 2.22 extends to a weakly regular isomorphism. 

Definition 2.24 (strong infimum condition) Let {Ga Xq,|q; G denote a 
global action on X. Let A C <|> denote a finite subset and let <h>A = {a G <h|Q; > 
/9V/3 G A}. Let U C X be a finite and nonempty subset such that U fl Xy 7 ^ 0 for 
all /3 G A. The strong infimum eondition for X says that for any A and U as above, 
the set {a G ^>a\U is an a-frame} is either empty or contains an initial element. 
If X satisfies the condition for A = 0 it is called an infimum aetion. 
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Lemma 2.25 Let {Ga Xa\a G $} denote a global action on X. If X satisfies 
the conditions (a) and (b) below then it is a strong infimum action. 

(a) Let q;,/3 G Then a < fi E X^ tlXg such that Ga{x) C 

(b) Let ^ C $. Then for any a; G f] there is a fi E ^ such that (^^(a;)) = 

aS'I' 

Gg{x). 

Proof Let A G $ denote a finite subset and C X denote finite and nonemtpy sub¬ 
set such that t/nX^ 7 ^ 0 V 7 G A. We must show that {a G <h>A|U is an a-frame} =: 
\1/ is either empty or contains an inital element. If u E U then clearly u E n 

oS'I' 

and hence, by 2.25(b), there is a G such that f) (Ga(u)) = Gyi^u). Since U C 
n(G'.( u)) = Ggiu) it is obvious that U is a /3-frame. Since Gg{u) C Gain) Va G d', 

oS'I' 

it follows by 2.25(a) that fi < a Va G 'L. It remains to show that 7 < /3 V 7 G A. 
Let 7 G A. Since U flXy 7 ^ 0 V 7 ' G A there is an x E U DX^y. Since 7 < a Va G d' 
and U C Xq, Va G it follows from 2.1(a) that G.y{x) C (Ga(a;)) = Gg{x). 

aS'I' 

Hence, by 2.25(b), 7 < /3. □ 

Corollary 2.26 A standard single domain global action is a strong infimum action 

Proof We show that a standard single domain global action satisfies 2.25(a) and 
(b). 

(a) Let a, /3 G <h. 

Suppose a < (3. We have to show that 3a; G Xq, fl Xg = G such that 
Ga{x) C Gg{x). a < (3 implies Ga ^ Gg. Hence Gq(1) = Ga ^ Gg = Gg{l) 
where 1 denotes the identity element in G. 

Suppose 3a; G Xq fl Xg = G such that GQ(a;) C Gg{x). Let g E Ga- Then 
gx E Ga{x). Since Ga{x) C Gg{x), 3g' E Gg such that gx = g'x. Since Ga 
and Gg act on G by left or right multiplication, it follows that g = g'. Thus 
Ga ^ Gg and hence a < (3. 

(b) Let T C $ be a nonemtpy subset and x E G. We have to show that there is a 
/3 G such that f) Ga(x) = Gg(x). Since {G ^|7 G <h} is closed under taking 

intersections, 3/3 G $ such that f) Ga = Gg. Thus ( f) GQ)(a;) = Gg{x). We 

show now that ( n Ga){x) = n (G«(a;)). 

oe^' os'i' 

C; Let y G ( n Ga){x). Then 35f G ( f) Go) such that y = gx. G ( f) Ga) 

aS'I' aS'I' oS'I' 

implies g E Ga Vo G T. It follows that gx E GaX Vo G T and hence y = gx E 
n (Gaix)). 

OS']/ 

X. Let z E {Ga{x)). Then 2 : G GQ(a;) Vo G T. Hence Vo G T ^ga G Gq 

aS'I' 

such that y = gaX. If a, /3 G T then gaX = y = ggx. But this implies 


12 



Qa = gp- Hence if /3 G 'I' then gp G Ga Va G 'h. Thus gg ^ D ^/3 

aS'I' 

hence = gjsx G ( f] Ga){x). □ 

oS'I' 

The four lemmas below will be used in the proof of Theorem 2.31. Their 
proofs will be given after that of Theorem 2.31. 

Lemma 2.27 (Local-Global Lemma) Let X,Y denote global actions and /o G 
Mor{X,Y)i 3 . Then {/o,...,/p} is a /3-frame in Mor{X,Y) if and only if {fo{x), 
fi{x ),..., fp{x)} is a f3{x)-frame in Y \fx E X. 

Lemma 2.28 Let X and Y be global actions and let {fo,---,fp} be a /3-frame in 
Mor{X,Y). If {xo, ■■■Xq} is a local frame in X then {fi{xj)\0 < i < p,0 < j < q} 
is a b-frame in Y for some b such that b > /3{xo), ...,/3{xq). 

Lemma 2.29 An infimum action is conormal. 

Lemma 2.30 If Z is an infimum action then for any global action X, Mor{X, Z) 
is an infimum action. If Z is an strong infimum action and the relation on 0 is 
transitive then for any global action X, Mor{X, Z) is a strong infimum action and 
the relation on Q(x,z) is transitive. 

Theorem 2.31 (exponential law) An infimum action is oo-conormal and oo-exponential. 
A strong infimum action is oo-conormal and regularly oo-exponential. 

Proof Let Z be an inhmum action. 

Z is oo-conormal: We have to show that if Y is a global action and g '.Y -E Z is a 
morphism then g is cx)-normal, i.e. if ...,Xi are global actions then the map 

Mor(lx„, Mor(lx„_i, Mor{lx„ g))...) : 

Mor{Xn, MorfXn-i, ..., Mor(Xi, Y))...) ^ Mor(X,, MorfXn-i, ..., Mor(Xi, Z))...) 

is a morphism of global actions. We prove this by induction on n. 

n=l; Let X be a global action. By Lemma 2.29, Z is conormal and hence the map 

Mor{lx, g) '■ Mor{X, Y) —)■ Mor{X, Z) is a morphism of global actions. 

n—1 -E n: Let n >2. Suppose by induction that for any global actions X'^_^, 

the map 


Mor{lx'^_^,Mor{lx'^_^,...,Mor{lx[,g))...) : 

Mor(X;_i,..., Mor{X[, Y)...) -E Mor{X '^_,,..., Mor(X(, Z)...) 

is a morphism of global actions. Let X„,...Xi be global actions. By Lemmas 
2.29 and 2.30, Mor{Xn-i ,..., Mor{Xi, Z)...) is conormal and since by the induction 
assumption Mor{lx„_i, Mor{lx„_i,..., Mor{lxi, g))---) is a morphism of global ac¬ 
tions, it follows that 

Mor(lx„, Mor(lx„_i,..., Mor{lx„ g))...) : 

Mor{X^, Mor{Xn-i ,..., Mor(Xi, Y))...) ^ Mor(X„, Mor(X,_i,..., Mor(Xi, Z))...) 


13 



is a morphism of global actions. 

Z is cx)-exponential; We have to show that if X and Y are global actions then the 
morphism E : Mor{X, Mor{Y, Z)) —)■ Mor{X x Y, Z) is an cx)-normal isomorphism. 
Since E is regular, it is cx)-normal by Corollary 2.18. Therefore it sufficies to show 
that E has an cx)-normal inverse. But Mor{X, Mor{Y, Z)) is an inhmum action by 
2 applications of Lemma 2.30 and therefore cx)-conormal. Thus any inverse for E is 
an cx)-normal inverse. 

Let X and Y be global actions. Dehne 

E' : Mor(X x V, Z) ^ Mor(X, Mor(Y, Z)) 
h ^ E\h) 


where 


E\h) : X Mor{Y,Z) 
X !-)■ E'{h){x) 


and 


E'{h){x) :Y ^ Z 

y^h{x,y) 

Then E' is a set theoretical inverse of E. We want to show that E' is a morphism 
of global actions. There are a number of things to verify. 

• E'{h){x) : Y —)■ Z is a morphism of global actions Vh G Mor{X x Y^Z) and 
Vx e X. 

Let h G Mor{X x Y,Z) and a; G X. Let {i/o, •••, I/p} be a local frame in Y. We 
have to show that {E'{h)[x){yo),E'{h){x){yp)} is a local frame in Z. Since 
X = IJ Xa there is an a G <h such that x G X^. Since {|/o,..., |/p} is a local 

frame there is an /d G T such that {|/o,..., |/p} Y Yy and is a /d-frame. Clearly 
{{x,yo),...,{x,yp)} Y Xa X Y /3 = {X X Y)a,y. Since {yo,...,yp} is a /3-frame there 
are hi ,..., hp G iL/j such that hiyo = |/i (1 < / < p)- If 1 denotes the identity element 
in the local group Ga then {1, hi){x,yo) = {lx,hiyo) = {.x,yi) (1 < / < p). Thus 
{(x, yo), •••, [x, Pp)} is a local frame and since h : X xY —)-Zisa morphism of global 
actions {h{x,yo), ■■■, h{x,yp)} = {E'{h){x){yo),E'{h){x){yp)} is a local frame in 
Z. Thus E'{h){x) is a morphism of global actions. 

• E'{h) : X —)■ Mor(Y, Z) is a morphism of global actions Vh G Mor{X x Y, Z). 

Let h G Mor{X x Y, Z) and { xq , ■■■,Xp} be a local frame in X. We must show that 
{E'{h){xo), ...,E'{h){xp)} is a local frame in Mor{Y, Z). As above {( xq , y), ■■■, {xp, y)} 
is a local frame in X x Y for any y ^ Y. It follows that {h{xo,y), ...,h{xp,y)} = 
{E'{h){xo){y), E'{h){xp){y)} is a local frame in Z for any y G Y because h : 
X X Y —)■ Y is a morphism of global actions. Since Z is an inhmum action, the set 
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{c G Q\{E'{h){xo){y), ...,E'{h){xp){y)} is a c-frame} has an initial element Cy for 
any y & Y. Define 


7 ; F ^ 0 

y'r^ Cy . 

We shall show that E'{h){xQ) G (Mor(F, Z))^, i.e. 

(a) E'{h){xo){y) G Z^^y) Wy G Y, and 

(b) if {yQ,...,yq} is a local frame in Y then {E'{h){xo){yo), ...,E'{h){xo){yp)} is a 
c-frame in Z for some c > 'y{yi) {0 < i < q). 

Clearly if y e Y then {E'{h){xo){y), E'{h){xp){y)} is a c^-frame. Thus E'{h) 

{^o){y) ^ Zcy = Z^(^y) 'iy G Y. (b) holds because of the following. Let {|/o,|/q} 
be a local frame in Y. Then {{xi,yj)\f) < i < p, 0 < j < g} is a local frame 
in X X Y and hence {h{xi^yj)\f) < i < p, 0 < j < q}={E\h){xi){yj)\f) < i < 
P, 0 < j < g} is a c-frame for some c G 0. On the one hand this implies 
that {E'{h){xo){yo), ■■■,E'{h){xo){yp)} is a c-frame and on the other hand that 
{E'{h){xo){yj),E'{h){xp){yj)} is a c-frame Vj G {0,...,g} and hence c > Cy^ = 
liUj) '^3 ^ {0) •••) q}- Thus E'{h){xo) G {Mor{Y, Z))^. By the Local-Global Lemma 
2.27 it follows that {E'{h){xQ), ...,E'{h){xp)} is a local frame. 

• E' : Mor{X x Y, Z)) —)■ Mor{X, Mor{Y, Z)) is a morphism of global actions. 

Let {ho,..., hp} be a local frame in Mor{X xY, Z). We have to show that {i7'(ho),..., 
E'{hp)} is a local frame in Mor{X, Mor{Y, Z)). By Lemma 2.27, {ho(a;, p),..., 
hp{x^y)} = {i7'(ho)(a;)(p),..., i7'(hp)(a;)(p)} is a local frame in Z \/{x,y) E X xY. 
Since Z is an inhmum action, the set (c G 0|{ho(a;,p),..., hp{x,y)} is a c-frame} has 
an initial element C(^x,y)- Dehne 


7:X^(Y,0) 

X ^ C(a; _) . 

We will now show that E'{hQ){x) G Mor{Y, Z)y(x) for any x E X, i.e. 

(a) E\ho){x){y) = ho{x,y) E Z^(^^)(y)=c(x,y) Vp G Y, and 

(b) if {po,...,pJ is a local frame in Y then {E'{ho){x){yo),E'{ho){x){yr)} = 
{ho{x,yo ),..., ho{x,yr)} is a d-frame in Z for some d > 'y{x){yj) = c{x,yj) (0 < 
3 < r). 

Clearly {ho{x,y),hp{x,y)} is a c(a;, p)-frame \/{x,y) E X xY. Thus ho{x,y) E 
Zc(x,y) V(a;,p) E X X Y. (b) holds because of the following. Let {po,...,Pr} 
be a local frame in Y. Then {{x,yo),{x,yr)} is a local frame in X x Y. By 
Lemma 2.28, {hi{x,yj)\0 < i < p, 0 < j < r} is a d-frame in Z. But on the 
one hand this implies that {ho(a;, po),..., ho(a;, p,.)} is a d-frame and on the other 
hand that {ho{x,yj),hp{x,yj)} is a d-frame for any j E {0,...,r} and hence 
e > c{x,yj) (0 < j < r). Thus (b) holds and hence E'{ho){x) E Mor{Y, for 
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any x E X. Since {E'{ho){x){y),E'{hp){x){y)} is a 7 (a;)(|/)-franie \/x E X and 
\/y E Y it follows from Lemma 2.27 that {E'{ho){x),E'{hp){x)} is a 7 (a;)-frame 
in Mor{Y, Z)\/xeX. 

We show now that that E'Qiq) E {Mor{X, Mor{Y, Z)))y, i.e. 

(1) E'{ho){x) E Mor{Y, Z)^(^x) Vx E X, and 

(2) if {xq, ...iXq} is a local frame in X then {i?'(ho)(a;o), E'{hQ){xq)} is a c-frame 
in Mor{Y, Z) for some c > 'j{xi) {0 < i < q). 

We have shown (1) above. Let {xq, ■■■,Xq} be a local frame in X. Then {{xo,y), ..., 
{xq,y)} is a local frame in X x X for any y eY. It follows from Lemma 2.28 that 
{hi{xj,y)\0 < i < p,0 < j < q} is a local frame in Z for any y E Y. Since Z is 
an inhmum action, for any y E Y the set {d E Q\{hi{xj,y)\0 < i < p,0 < j < 
q} is a local frame} has an initial element dy. Dehne 

5 : F ^ 0 
y ^ dy . 

Since {hi{xj, y)\0 < i < p,0 < j < q} is a 5(|/)-frame for any y E Y, it follows that 
{ho{xj,y)\0 < j < q}={E'{ho){xj){y)\0 < j < q} is a (5(|/)-frame for any y eY. We 
show now that E'{h){xo) E Mor{Y, Z)s, i.e. 

(1.1) E'{ho){xo){y) = ho{xo,y) E Zs(y)=dy ^y E Y, and 

(1.2) if {yo,...,yr} is an local frame in Y then {E'{ho){xo){yo),E'{ho){xo){yr)} = 
{ho{xo, yo ),..., hoi^xo, yr)} is an e-frame in Z for some e > S{yj) = dy. (0 < j < 
r). 

Clearly if y E Y then {ho{xj,y)\0 < j < g} is a (5(|/)-frame. Thus ho{xo,y) E 
Z'y{x) \/y E Y. We show that (1.2) holds. Let {yo,...,yr} be a local frame in 
Y. Since {xj,yk\0 < j < q,0 < k < r} is a local frame in X x Y, it follows 
from Lemma 2.28 that {hi{xj,yk)\0 < i < p,0 < j < q,0 < k < r} is an 
e-frame in Z. On the one hand this implies that {ho{xo,yo),ho{xo,yr)} is an 
e-frame and on the other hand that {hi{xj,yk)\0 < i < p, 0 < j < g} is an e- 
frame for any k E {0,...,r} and hence e > dy. = diyjj) (0 < /c < r). Thus 
E'{h){xo) E Mor{Y, Z)s. By Lemma 2.27, {E'{ho){xj)\0 < j < g} is a Yframe. 
Obviously if y E Y then dy > C(^x ,y) (0 < j < g) and hence S > '^{xj) (0 < j < g). 
Thus (2) holds and hence E'lho) E {Mor{X, Mor{Y, Z)))^. Since we have shown 
that {E'{ho){x ),..., E'{hp){x)} is a 7 (a;)-frame in Mor{Y, Z)\fx E X it follows from 
Lemma 2.27 that {E'{ho ),..., E'{hp)} is a 7 -frame. 

Let Z now be a strong inhmum action. We must show that Z is regularly cx)- 
exponential, i.e. if X and Y are global actions then E = (t, k, A) : Mor{X, {Mor{Y 
, Z)) —)■ Mor{X X Y,Z) is a weak regular isomorphism, i.e. there is a regular 
morphism (d, A') : Mor{X xY, Z) —)■ Mor{X, {Mor(Y, Z)) such that A' is inverse 
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to A. Let X and Y be global actions. Define l' as the set theoretic inverse of l. Define 
A' = E' where E' is the morphism of global actions we constructed above. Define 


l^'a • {J(XxY,Z))c 


{J{X,Mor{Y,Z)))i'(a) 


n 

(x,y)&XxY 


J, 


a{x,y) 


n ( n {J(i'{a))(x,y)) 
x^X yGY 


n ( n {'Ja{x,y)) 
xGX yeY 


in the obvious way. Since A' = E' is inverse to A it only remains to show that 
(d, k', A') is a regular morphism, i.e. 

(a) i.'(a) < whenever a < P, 

(b) ii a < /3 then the diagram 


{J{XxY,Z))c 

(J(XxY,Z))a<P I 


{J(X,{Y,Z)))i'{a) 

(a) <,'(/}) 


{J(XxY,Z))lS — 7 ^ (d(X,(y,Z))).'(/3) 


commutes, 

(c) A'((Mor(X X Y,Z))^) C {Mor{X, Mor{Y, Va e 0(MoK^xy,z)), 

(d) for all a e 0((xxy,z)) the pair (k'^, yj(Mor(X x Y,Z)a) : {J{xxY,z)))a r\ 

{Mor{X X Y,Z))a -)■ {J(Mor(X,MoriY,Z)))c'{a) ^ {M OT {X, M Or{Y, Z)) ,, is a 

morphism of group actions. 

We will now verify (a)-(d). 

(a) Let a,/3 E Q(xxy,z) = {X x Y, 0) such that a < (3. We have to show that 
i'{a) < d(/d). But 


i'{a) < d(/3) 

■v^ i {a){x) < i {I3){x) \/x E X 

i\a){x){y) < i'{l3){x){y) VxEX,y eY 
^ a{x,y) < I3{x,y). 


(b) Let a,l3 E Q(xxy,z) = (X x Y, 0) such that a < (3 and a = {o'(^x,y)){x,y) £ 
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(</(Xxy,z))a- Then 

«^((T(Xxy,Z))a</3(0')) 

~ ^isi y Ja{x,y)<l3{x,y){'^)) 

(x,y)eXxY 

= K/j ( ( Ja{x,y)<l3(x,y) i'^{x,y )) ) {x,y )) 

— {{'Ja(x,y)<l3{x,y){'^{x,y)))y) X 

= {{'Ji,'{a)(x){y)<L'{l3){x){y){o'{x,y)))y)x 

x£X y£Y 

— ( {'J{Y,Z))l'( a){x)<L'(l3){x)) {{{'^{x,y))y)x) 

x&X 

= {J{X,(Y,Z)))i'{a)<i'{p){{{(^{x,y))y)x) 

= {.J(X,(Y,Z)))i'(a)<i'{l3){.l^'ai.^)) , 

i.e. k'i^ O {J(XxY,Z))a<l3 = {J{X,{Y,Z)))i.'(a)<i.'{l3) ° 

(c) Let a G Q{xxY,z) and / G {Mor{X x F, F))^, i.e. 

(1) f{x,y) G W{x,y) G X x F, and 

(2) if {(xo, yo ),..., (xp, I/p)} is a local frame in XxF then {/(xq, |/o), •••, f{xp, yp)} 
is a c-frame for some c G 0 such that c > a{xi,yi) {0 < i < p). 

We have to show that A'(/) G {Mor{X, Mor{Y, Z)))^ya), he. 

(T) X'{f){x) G ((Mor(F, Vx G X, and 

(2') if {xo,...,Xp} is a local frame in X then {A'(/)(a;o),..., A'(/)(a;p)} is a d- 
frame for some d G 0(y,z) such that d > L'{a){xi) {0 < i < p). 

First we show (F), i.e. if a; G X then 

(1") = fix,y) e Z,ya){x){y)=a{x,y) V|/ G F, and 

(2") if {yo,...,yq} is a local frame in Y then {\'{f){x){yo),\'{f){x){yq)} = 
{/(x, i/o),...,/(x, i/g)} is an e-frame for some e G ©such that e > d{a){x){yj) 
a{x,yj) (0 < j < g). 

(1") follows from (1). Let {|/o, |/g} be a local frame in Y. Then {(x, yo ),..., {x, yq)} 

is a local frame in X x F and hence it follows from (2) that {f{x, yo),..., f{x, yg)} 
is an e-frame for some e G 0 such that e > a{x,yq) (0 < j < q). Thus (2") 
holds and hence (T) holds. 

We show now (2'). Let (xq, •••,a;p} be a local frame in X. Then for any // G F 
{(xo, y ),..., [xp, I/)} is a local frame in X x F and since f : X xY —)-Fisa mor¬ 
phism of global actions {f{xo, y), ■■■, f{xp, //)} is a local frame in Z for any y &Y. 
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Since Z is a strong infiniuni action the set {c G Z\{f{xo,y),...,f{xp,y)} is a 
c-frame, c > i'{a){xi){y) {0 < i < p)} has an initial element Cy. Dehne 

7 : F ^ 0 

y Cy. 

Since 7 ( 1 /) = Cy > L'{a){xi){y) 'iy G G {0, it follows that 7 > 
i\a){xi) (0 < i < p). We show now that \'{f){xo) G Mor{Y, i.e. 

(!'") \'{f){xo){y) = f{xo,y) G ^y e F, and 

( 2 '") if {yo, ...,yg} is a local frame in Y then {X'{f){xo){yo),X'{f){xo){yq)} = 
{f{xo, yo),f{xo, yq)} is an e-frame for some e G 0 such that e > 'y{yj) = 

Cyj (0 < j < g). 

Clearly {f{xo,y),...,f{xp,y)} is a c^-frame for any y e Y. Thus f{xo,y) G 
Zcy Vy G F. (2'") holds because of the following. Let {yo,...,yg} be a local 
frame in Y. Then {{xi,yj)\Q < * < P,0 < j < g} is a local frame in X x F 
and hence it follows from ( 2 ) that {f{xi,yj)\Q < f < P, 0 < j < g} is a c-frame 
for some c G 0 such that c > a{xi,yj) {0 < i < p,0 < j < q). This implies 
that {f{xo,yo),...,f{xo,yq)} is a c-frame and that {f{xo,yj),...,f{xp,yj)} is a 
c-frame for any j G {0,g}, whence c > Cy^ (0 < j < g). Thus (2'") holds and 
hence A'(/)(a;o) G MoriY,Z)^. {X'{f){xo){y), ...,X\f){xp){y)}={f{xo,y), 
f{xp,y)} is a Cj^-frame for any y G F, it follows from Lemma 2.27 that 
{X'ihixo),X'{f){xp)} is a 7 -frame. 

(d) Let a G Q(xxY,z), G {JxxY,z))a and / G Mor{X x Y, Z)a. We must show 
that X'{af) = K'^{a)X'{f). Let x & X,y ^ Y. Then 

A'(a/)(a;)(|/) 

^(a;,3/)/ {x, y) 

= a(^,y)A'(/)(a;)(|/) 

~ ((^(x,y))y)xX (/) 


and hence A'(a/) = X' {f). □ 

Proof of Lemma 2.27 Let X, F denote global actions and /o G Mor{X,Y)i 3 . 

=^: Let {fo,...fp} be a /3-frame in Mor{X,Y), i.e. {/o,...,/p} C Mor{X,Y)p 
and 3(Ti,...,(Tp G Jp such that aifo = fi {1 < i < p). We must show that 
{/o(a;), ...,fp{x)} isa/3(a;)-frame Vx G X, i.e. ifx G X then {/o(a;), ...,fp{x)} C F^( 3 .) 
and 3/ii, ...hp G Hp[x) such that hifo{x) = fi{x) (1 < f < p). But if f G {0, ...,p} 
then ajo = fi ^ {aifo){x) = fi{x) Vx G X 77 {(Ji)y;fo{x) = fi{x) Vx G X and from 
{/o, •••, fp} F Mor{X, Y)i 3 it follows that {fo{x ),..., fp{x)} C F/ 3 (^) Wx G X. 

Let {fo{x), ...fp{x)} be a /3(a;)-frame in Y Vx G X, i.e. if a; G X then 
{fo{x),...,fp{x)} C F^( 3 .) and 3hi{x),hp{x) G such that hi{x)fo{x) = 

fi{x) (1 < i < p). We have to show that {/o, •••,/p} is a /3-frame, i-e- {/o, •••,/p} F 
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Mor{X,Y)f 3 and 3ai,...,ap G J/j = H such that aifo = /*(!<*< p)- 

x&X 

Define < 7 * = {hi{x))xex- Then {aifo){x) = {(Ti)xfo{x) = hi{x)fo{x) = fi{x) for 
any x E X and hence aifo = fi- Since /o G MorfX^Y)^ it follows that fi G 
MorfX, Y)i 3 {I <i < p) and hence {/o, fp} Y MorfX, Y)p. □ 

Proof of Lemma 2.28 Let {xq, ...Xg} be a local frame in X. Since/o G Mor{X,Y)i 3 
it follows that {fo{xo), ■■■, fo{xq)} is a b-frame in Y such that b > l3{xo), ■■■, /3{xq). 
Hence 3ai,...,aq G such that ajfo{xo) = fo{xj) (1 < j < q). Since {fo,...,fp} 
is a /3-frame in Mor{X,Y) 3Ti,...,Tp G Jjs such that Tj/o = /»(!<*< p)- Let 
i G {0, G Then (notice that fo{xj) G Y/ 3 (a;,) H Yf,) 

= Hp[xj)<b{{ji)xj){<^j fo{Xo)) 

= Hp{^xj)<b{{ji)xj) fo{x j) 

= {n)xJo{Xj) 

= 

i.e Hb acts transitively on {fi{xj)\0 <i<p,0<j<q} and hence {fi{xj)\0 <i< 
P; 0 < j < g} is a b-frame. □ 

Proof of Lemma 2.29 Let Y be an infimum action, X be a global action and 
g : X —)■ Y a morphism of global actions. We have to show that g is Z-normal 
for any global actions Z, i.e. if Z is a global action and {/o,..., fp} is a local frame 
in Mor{Z, X) then {gfo, ■■■,gfp} is a local frame in Mor{X,Y). Let Z be a global 
action and {/o,..., fp} be a local frame in Mor{Z,X). From Lemma 2.27 it follows 
that {fo{z ),..., fp{z)} is a local frame in X V 2 : G Z. Since g : X —)■ Y is a morphism 
of global actions it follows that {{gfo){z ),..., {gfp){z)} is a local frame in Y V 2 : G Z. 
For any z E Z the set {b E '^\{{gfo){z),...,{gfp){z)} is a b-frame} has an initial 
element bz, since Z is an infimum action. Define 

/3 : Y ^ ^ 
z ^ bz ■ 

We show now that gfo E Mor{Z, Y)i 3 , i.e. 

(a) {gfo){z) E Yfn^z) = Yb, 'iz E Y, and 

(b) if { 2 : 0 , ■■■iZq} is a local frame in z then {{gfo){zo ),..., {gfo){zq)} is a c-frame for 
some c G T such that c > /3{zi) = bzi (0 < i < q). 

Clearly {{gfo){z ),..., {gfp){z)} is a 6 ^-frame for any ^ G Y. Thus {gfo){z) E Yb^ ^z E 
Z. We show that (b) holds. Let {zq, ...Zq} be a local frame in Z. By Lemma 2.28 
{fi{zj)\0 < i < p,0 < j < q} is a local frame in X and hence {{gfi){zj)\0 < i < 
P, 0 < j < g} is a c-frame for some c G T. This implies {{gfo){zo ),..., {gfo){zq)} is a 
c-frame and {{gfo){zj ),..., {gfp){zj)} is a c-frame Vj G (0,..., g}, whence c > bz^ (0 < 
j < q). Thus (b) holds and hence gfo E Mor{Z,Y)is. Since {{gfo){z ),..., {gfp){z)} 
is a I3{z) = 62 -frame \/z E Y, it follows from Lemma 2.27 that {gfo,---,gfp} is a 
/3-frame. □ 
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Proof of Lemma 2.30 First we show that if Z is an inhmum action then for any 
global action X, Mor{X, Z) is an inhmum action. Let Z be an inhmum action, i.e. 
if U C Z is a hnite and nonempty subset then the set {c G 0|17 is a c-frame} is 
either empty or contains an initial element. Let X be a global action. We must 
show that Mor{X, Z) is an inhmum action, i.e. if 1 / C Mor{X, Z) is a hnite 
and nonempty subset then the set {7 G Q{x,z)\V is a 7 -frame} is either empty or 
contains an initial element. Let V = {/o,...,/p} C Mor{X, Z) be a hnite and 
nonemtpy subset. Suppose {7 G Q(x,z)\V is a 7 -frame} is nonempty. Let <5 G {7 G 
0 (X,Z) |P is a 7 -frame}. Then V is a (5-frame and hence it follows from Lemma 
2.27 that {fo{x), ...fp{x)} is a (5(a;)-frame \/x G X. Since Z is an inhmum action, 
{c G 0|{/o(a;), ...fp{x)} is a c-frame} contains an initial element Cx for any x E X. 
Dehne 


: X ^ 0 

X ^ Cx ■ 

. Clearly (5(a;) > Cx = 5' (x) ^/x E X 6 > 5' . We will show now that /o G 
Mor{X, Z)s/,i.e. 

(a) fo{x) E Zs>(x) Vx G X, and 

(b) if {xo, ■■■,Xg} is a local frame in X then {/o(a;o), •••, fo{xq)} is a d-frame for some 
d E Q such that d > d'(xi) (0 < i < q). 

Clearly {fo{x ),..., fp{x)} is a Cx = (5'(a;)-frame \/x G X. Thus foi^x) E Zs'(x)^x G X. 
(b) holds because of the following. Let {xq, ...,Xq} be a local frame in X. Since 
{/o,..., fp} is a (5-frame in Mor{X, Z), it follows from Lemma 2.28 that {fi{xj)\0 < 
* < P, 0 < j < g} is a d-frame for some d E Q. This implies that {/o(a;o), •••, 
is a d-frame and that {fo{xj),fp{xj)} is a local frame Vj G {0,...,g}, whence 
d > Cxj = 5'{xj) {0 < j < q). Thus (b) holds and hence /o G Mor{X, Z)si. Since 
{fo{x),fp{x)} is a Cx = (5'(a;)-frame \/x E X, it follows from Lemma 2.27 that 
{/o, •••; fp} is a (5'-frame. Thus (5' G {7 G Q(x,z)\V is a 7 -frame}. 

We show now that if Z is a strong inhmum action and the relation on 0 is 
transitive then for any global action X, Mor{X, Z) is a strong inhmum action and 
the relation on 0(x,z) is transitive. Let Z be a strong inhmum action, i.e. if A C 0 
denotes a hnite subset and U E Z denotes a hnite and nonempty subset such that 
7 / n 7 ^ 0 V 7 G A then the set {c G Q>a\U is a c-frame} is either empty or 
contains an initial element. Let the relation on 0 be transitive and let X be a 
global action. We must show that Mor{X, Z) is a strong inhmum action, i.e. if 
r C Q(x,z) is a hnite subset and V C Mor{X, Z) is a hnite and nonempty subset 
such that V OMor^X, Z)s 7 ^ 0 V(5 G T then the set {d E (0(x,z))>r|C is a (i-frame} 
is either empty or contains an initial element, and that the relation on Mor{X, Z) 
is transitive. Let Oi,(3,E ^ ^{x,z) such that a < 13, i.e. a{x) < /3(x) \/x E X, and 
(3 <Ei i-e. I3{x) < j(x) Vx G X. Since the relation on 0 is transitive it follows that 
a(x) < jIx) 'ix E X which is equivalent to o; < 7 . Thus the relation on 0(x,z) is 
transitive. Let T C 0(x,z) be a hnite subset and V = {/o,..., fp} C Mor{X, Z) be 
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a finite and nonemtpy subset such that V fl Mor{X, Z)s ^ 0 VS G F. Suppose {d G 
(0(x, z))>t\V is a d-frame} is nonempty. Let e G {d G {Q{x,z))>r\V is a d-frame}. 
Then V is an e-frame and hence it follows from Lemma 2.27 that {fo{x), ■■■, fp{x)} 
is an e(a;)-frame Vx G X. Let A{x) = {d(a;)|d G L}. Let x E X and e G A{x). 
Then e = 5{x) for some d G T. Since V fl Mor{X, Z)s' ^ 0 VS' E T, 3i E {0, 
such that fi E Mor{X, Z)s. It follows that fi{x) E Zs(x) = Z^. Hence if a; G X 
then {fo{x),fp{x)} Z^ ^ 0 Ve E A{x). Since Z is a strong infimum action, 
{C G 0>A(a;) \{fo{x),fp{x)} is a c-frame} contains an initial element Cx for any 
X E X. Define 


e' : X ^ 0 

X ^ Cx ■ 

Since e > d Vd G T it follows that e(a;) > d(a;) Vd G T Vx G X. Hence e{x) E 
0>A(x) Vx E X. Since {fo{x ),..., fp{x)} is an e(x)-frame for any x G X, it follows 
e(x) G {c G Q>^(^x)\{fo{x),fp{x)} is a c-frame} Vx G X. Thus e(x) > Cx = 
e'(x) Vx G X e > e'. We will show now that /o G Mor{X, Z)e',i.e. 

(a) /o(x) G Ze'(x) Vx E X, and 

(b) if {xo, ..., Xq} is a local frame in X then {/o(xo), ..., fo{xq)} is an f-frame for some 
/ G 0 such that / > e'(xj) (0 < i < q). 

Clearly {/o(x),..., /p(x)} is a c^; = e'(x)-frame Vx G X. Thus /o(x) G Zeqx)Vx G X. 
(b) holds because of the following. Let {xo,...,Xg} be a local frame in X. Since 
{/o,..., fp} is an e-frame in Mor{X, Z), it follows from Lemma 2.28 that {fi{xj)\0 < 
i < p,0 < j < q} is an f-frame for some / G 0 such that / > e(xo),..., e(xp). This 
implies that {/o(a^o), ■■■,fo{xq)} is an f-frame and that {fo{xj), ...,fp{xj)} is a local 
frame Vj E {0,...,g}. Since e'(xi) > d(xj) Vd G T Vf G (0, ...,g} it follows, by the 
transitivity of the relation on 0, that / > d(xi) Vd G T Vi G {0, ■■■,q}. Thus / G 
0 >A(xi) (0 < i < q). It follows that / G (c G Q>Aix)\{fo{xi),fp{xi)} is a c-frame} 
(0 < i < g) and hence / > Cx^ = l'{xj) (0 < j < q). Thus (b) holds and 
hence /o G Mor{X, Z)e'. Since {/o(x),...,/p(x)} is a c^; = e'(x)-frame Vx G 
X, it follows from Lemma 2.27 that {/o,...,/p} is a e'-frame. Thus e' G {d G 
0 (X,Z) |H is a d-frame}. It remains to show that e' > d Vd G T. Let d G T. Since 
e'(x) = Cx E {c E Q>Aix)\{fo{x),fp{x)} is a c-frame} for any x G X, it follows 
that e'(x) > d(x) Vx G X e' > d. Thus e' G {d G {Q(x,z))>v\y is a d-frame}. □ 

3 Homotopy 

Definition 3.1 Let X and Y denote global actions and let /, g : X —)■ Y denote 
morphisms. Let L denote the line action defined in 2.3. We say that f is homotopic 
to g if there is a morphism H : X x L ^ Y and elements n_, G Z, n_ < n+ such 
that Hin = f Vn < ri- and Hin = 9 Vn > n+ where 

in '• X —^ X X L 
X H-)■ (x, n). 
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Definition 3.2 (homotopy) Let X, Y denote global actions. A morphism H : 
X X L —)■ Y is called a homotopy if 3 elements n_ < n+ G Z such that Htn = 
H°in+ Vn > n+ and H°in = H°in- <n_. 

Definition 3.3 Let X denote a global action. A morphism f : L ^ X stabilizes 
on the left, if 3n_ G Z such that f{n) = f{n-) < n-. f stabilizes on the right, 

if 3n+ G Z such that f{n) = /(n+) Vn > n+. A pair (n+,n_) as above is called a 
stabilisation pair for f. 

Definition 3.4 (path) Let X denote a global action. A morphism f ■. L ^ X 
which stabilizes on the left and on the right is called a path in X. 

Definition 3.5 Let X denote a global action and u \ L ^ X a path. If u is not 
constant then there is a smallest integer lus{u) called the least upper stabilization 
of u such that u{n) = u{lus{u)) Vn > lus{u) and a largest integer gls{u) called the 
greatest lower stabilization of u such that uj{n) = u{gls{u)) Vn < gls{u). Suppose 
u is constant then we define lus{u) = 0 and gls{u) = 0. u{lus{u)) is called the 
terminal point of u {term{u)) and u{gls{u)) is called the initial point of u {init{u)). 

Definition 3.6 (loop) A loop in X is a path ca in X whose initial point and terminal 
point are equal, i.e. if n+ = lus{u) and n+ = gls{u) then a;(n_) = u{n+). If 
X = initipj) then u is called a loop at x. The set of all loops at x is denoted r2(a;). 

Definition 3.7 Let u and u' denote loops in a global action X. We say that u is 
loop homotopic to u' 

(a) if u is homotopic to u' in the usual sense, i.e. there is a morphism H : LxL ^ X 
and integers n_,n+ E 'L,n- < n+, such that H°in = ca Vn < n_ and = 
oj' Vn > n+, and 

(b) H°in is a loop for any n G Z. 

Definition 3.8 (composition of paths) Let u and u' denote paths in a global action 
X such that term{uj) = init{u'). If u is not constant then their composition uj'uj is 
defined as follows. 


oj'uin) = 


uj{n), if n < lus{u), 

oj'in — lus{u) + gls{uj')), if n > lus{u). 


The composition is well defined, since u{lus{u)) = term{u) = init{uj') = u\gls{u')) 
= u'{lus{u) — lus{u) + gls{uj')). Clearly, if u' is constant then u'u = u. If a; is 
constant then define u'u = u'. 

Remark 3.9 Clearly loops in r2(a;) compose and their composition is a loop at 
X. The definition of composition in 3.8 is concocted so that the composition law 
induced on r 2 (a;) is a monoid with identity element the constant function x. 
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Definition 3.10 (inverse of a path) Let a; be a path in a global action X. The map 
: I ^ X defined by 

{ term{u), if n < gls{u), 

u{lus{u) — n + gls{u)), if gls{uj) < n < lus{u), 
init{uj), if n > lus{u), 

is called the inverse of u. It is clearly a path. 

Remark Let u and u' be paths in a global action X such that term{uj) = init{u'). 
Then uu' and also are paths in X. 

Definition 3.11 (path connected) Let {Ga X^la G denote a global action 
on X. Two points x,y E X are called path connected if there is a path ca in X such 
that init(u) = x and term{uj) = y. If x and y are path connected we write x ^ y. 
X is called (path) connected if any two points x,y E X are path connected. 

Definition-Lemma 3.12 Let X be a global action. Then ~ is an equivalence 
relation on IJ By definition 7ro(X) is the set of all equivalence classes of on 

IJ Xa- An equivalence class of ^ is called a path component of X. 

Proof We must check that ~ is reflexive, symmetric and transitive. 

• ~ is reflexive. 

Let X E X. Let u be the constant path in X at x. Then inifiu) = term{u) = x and 
hence x ^ x. 

• ~ is symmetric. 

Let x,y E X such that x ^ y. Then there is a path a; in X such that init(u) = x 
and term{u) = y. Since init{u~^) = term{u) = y and term{u~^) = inifioj) = x, it 
follows that y ^ X. 

• ~ is transitive. 

Let x,y,z E X such that x ^ y, y ^ z. Then there are paths u, u' in X such that 
init{u) = x, term{u) = y, inifiu') = y and term{u) = 2:. Clearly oj'u is a path in X 
such that inifiu'u) = x and term{u'u) = ;2. Hence x rsj 2 ). CH 

Definition 3.13 Let X,Y denote global actions, H : XxL ^ Y denote a homotopy. 
Suppose 3 m,n E Tj, m ^ n, such that hI^ ^ Hln- Then there is a largest 
n-{H) E Z such that Hin = HLn.{H) Vn < n-{H) and a smallest n+{H) E Z 
such that H°in = Hln+{H) Vn > n+(iL). If Hln = hI^ ^m,n E Z then we define 
n_{H) = n+{H) = 0. n_{H) is called the greatest lower stabilization of H {gls{H)) 
and n+{H) is called the least upper stabilization of H {lus{H)). HLn_(H) is called the 
initial value of H {init{H)) and H°in+(H) is called the terminal value of H {term{H)). 

Definition 3.14 (composition of homotopies) Let Hi,H2 : X x L ^ Y he homo¬ 
top ies such that term{Hi) = init{H2). Then their composition H2H1 is defined as 
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follows. 




Hi{{x,n)), if n<lus{Hi), 

H 2 {{x, n — lus{Hi) + gls{H 2 )))., if n> lus{Hi). 


Definition 3.15 (inverse of a homotopy) Let H : X x L ^ Y denote a homotopy. 
The map H~^ : X x L ^ Y defined by 

( H{x, gls{H)), ifn< gls{H), 

H~^{x, n) = < H{x, lus{H) — n + gls{H)), if gls{u) < n < lus{u), 
yH{x,lus{H)), if n>lus{H), 

is called the inverse of H. It is clearly a homotopy. 

Definition 3.16 (base point) Let X denote a global action. Giving X a base point 
means fixing some * E X. If * is the base point of X we write sometimes X* instead 
of X. 

Definition 3.17 (end point stable homotopy) Let X denote a global action with 
base point * and H : Lx L ^ X & homotopy. If for any n E Z, hI^ is a loop whose 
initial point(=terminal point) is then H is called an end point stable homotopy. 

Definition-Lemma 3.18 Let X denote a global action with base point *. Define a 
relation ~ on G(=t:) by u ^ u' ^ u and u' are end point stable homotopic, i.e. there 
is a homotopy H : L x L ^ X such that \/n E h Htn is a loop at * and for all n 
sufficiently small (resp. large) ^ (resp. Hln = oo'). Then ~ is an equivalence 

relation onLl{*) and, by definition, 7ri(X*) is the set of all equivalence classes of^^. 
If X is pathwise connected and |7ri(X*)| = 1 , X is called simply connected. 

Proof We have to check that ~ is reflexive, symmetric and transitive. 

• ~ is reflexive. 

Let u E G(*). Define a map H : L x L ^ X hy h{m,n) = u{m) ^m,n E Z. 
One checks easily that H is an end point stable homotopy such that init(H) = 
term{H) = u. Hence u ^ u. 

• ~ is symmetric. 

Let u,u' E f2(*) such that u ~ u'. Then there is an end point stable ho¬ 
motopy H : L X L ^ X such that init{H) = u and term{H) = u'. Since 
init(H~^) = term{H) = uj' and term[H~^) = init{H) = u, it follows that a;' ~ u. 

• ~ is transitive. 

Let E X such that u ~ u', u' ~ u”. Then there are end point stable 

homotopies H, H' : L x L ^ X such that init{H) = u, term{H) = u', init{H') = u' 
and term{H') = u". Clearly H'H : L x L —)■ X is an end point stable homotopy 
such that init{H'H) = u and term{H'H) = uj". Hence u ~ u". □ 
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Lemma 3.19 Let X denote a global action with basepoint If u & let [cj] 

denote the equivalence class of loops u' which are end point stable homotopic to u. 
Define 


O : 7ri(X*) X 7ri(X*) -)■ 7ii{X^) 

([a;],[r]) ^ [ru] . 

Then o is well defined and (7ri(X*), o) is a group. 

Proof First we show that o is well dehned. Let A,B & 7ri(X*), u,u' G A and 

r, r' G B. We must show that [ur] = [cuV], i.e. ut ~ oj't'. Since a; ~ cn' and 

r ~ r', there are end point stable homotopies Hi, H 2 : L x L ^ X such that 
init{Hi) = u, term{Hi) = u', init{H 2 ) = r and term{H 2 ) = r'. Dehne a map 
H : L X L ^ X hy hI^ = (n G Z). Obviously H is an end point stable 

homotopy such that init{H) = oor and term{H) = oj't' and hence ur ~ oj't' . We 

show now that ( 7 ri(X*),o) is a group. Since f2(=t:) is a monoid by Remark 3.9, it 

follows that (7ri(X*), o) is a monoid. Hence we only have to show the existence of 
inverse elements. Let H = [cu] G 7ri(X*). Dehne a function /^ : L —)■ X by 

{ oj~^oj{n), if n < lus{oj) — k, 

oj~^oj{lus{oj) — k), if lus{oj) — k < n < lus{oj) + k, 
u~^u{n), if n > lus{oj) + k. 

{0 < k < lus{u) — glsipj)). One checks easily that fk-i is end point stable 
homotopic to fk by a homotopy Hk {0 < k < lus{u) — gls{oj) — 1). Clearly 
/o = u~^oj is end point stable homotopic to fius(u)-gis(u:) = constant loop at * by 
Hius{Lo)-gis{ui)-i---HiHo- Hence [ca] o = [r]. □ 

4 Coverings 

Definition 4.1 Let p : Y ^ X denote a morphism of global actions, p is called 
a covering morphism if and only if for any local frame {xq, ...,Xn} in X and any 
Ho G p~^{xo) there is a unique local frame {yo,yi...,yn} in Y such that p{yi) = 
Xi Mi G {1, ...,n}. 

Definition 4.2 Let X denote a global action and x E X. Let star{x) = IJ GaX. 

We give starfx) the structure of a global action as follows. Let ^star{x) = {a G 
<h| a; G Xa}, {Gstarix))a = Ga and star{x)a = G^x. We let {Gstarix))a act on 
star{x)a in the obvious way. Note; Let x,xi, ...,Xp be a finite set of elements in X. 
Then x,xi, ...,Xp is a local frame in X x,xi, ...,Xp G starfx) and is a local frame 
there also. 

Lemma 4.3 Let X, Y be global actions and let p : Y -E X be a map. Then p is 
a covering morphism if and only if y E Y, p\star{y) ■ starfy) —)■ star{p{y)) is an 
isomorphism of global actions. 
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Proof Suppose p -.Y —)■ X is a covering morphism. We have to check several things. 

• p\staT(y){.y') e star{p{y)) \/y' e star{y). 

Let y' G star{y). Since y' G star{y), there is a /3 G "^stariy) and an h E iL/j such that 
hy = y'. Obviously {y,y'} is a local frame in Y. Since p is a morphism of global 
actions, it follows that {p{y),p{y')} is a local frame in X. Thus p{y') G star{x). 

• p\stariy) IS a morphism of global actions. 

Let {yQ,...,yg} be a local frame in star{y). It follows that {yo,...,yg} is a local 
frame in Y. Since p is a morphism of global actions {p\star{y){yo), ■■■,p\star{y){yq)} = 
{p{yo), ■■■,p{yq)} is a local frame in X. Hence {p\star{y){yo), ■■■,p\star{y){yq)} is a local 
frame in star(p(y)). 

• p\stariy) is iujective. 

Let yi,y 2 G star{y) such that p{yi) = p{y 2 )- Since {p{y)iP{yi)} is a local frame in 
X, there is a unique local frame {y, in Y such that piy') = pijji). Since 
and {y-,y 2 \ are both liftings of the same local frame in X, it follows that they are 
equal and hence yi = y 2 - 

• p\stariy) is surjective. 

Let X G star{p{y)), i.e. {p{y),x} is a local frame in X. Since p is a covering mor¬ 
phism, there is a local frame {y, y'} in Y such that p{y') = x. Since {y, y'} is a local 
frame, y' G star{y). 

• Since p\star{y) is bijective, it suffices to show that {p\star{y))~^ ■ star {piy)) —)■ stariy) 
is a morphism of global actions. 

Let {xo,..., Xq} be a local frame in staripiy)). Then {xq, ..., G GaPiy) for 
some a G ^starip{y))- Thus {piy),xo, ■■■,Xq} is a local frame in X. Hence there is 
a (unique) local frame {y,yo, ■■■,yq} such that piyi) = Xi {0 < i < q). Obviously 
yo,...,yq G stariy). Thus ip\stariy))~^ is a morphism. 

Suppose now p\star{y) ■ star^y) —)■ staripiy)) is an isomorphism of global actions 
V|/ G Y. We show hrst that p is a morphism. Let {yo, ■■■,yq} be a local frame in Y. 
Then {yo ,..., y^} is a local frame in stariyo). Since p\star{yo) ■ stariyo) —)■ staripiyo)) 
is a morphism, [piyo), ■■■,piyq)} is a local frame in star (p(|/o)) and thus also in X. 
We show now that p satishes the unique local frame lifting property. Let { xq , ■■■Xg} 
be a local frame in X and let yo G p~^ixo). We must show that there is a unique 
local frame {yo,yi, ■■■,yq} in Y such that piyi) = Xi'ii E {1, ...,n}. 

• existence 

Obviously {xo,...Xq} C starixo). Since p\stariy) ■ stariyo) -E starixo) is an iso¬ 
morphism of global actions, ip\star{yo))~^ ■ starixo) -E stariyo) is an isomorphism 
of global actions. Hence {ip\star{yo))~^iXo), ip\star{yo))~^iXl), ■■■, ip\stariyo))~^iXq)} = 
[yo, (p|star(yo))“^(2^i)> •••) ip\star{yo))~^ixq)} is a local frame in Y. 


• uniqueness 
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Suppose { 2 /O 5 2/1, ■■•5 2 /q} is a local frame in Y such that p{yi) = Xi \/i E 

Then {yo,yi, ...,yg} C star{yo). Since p|star(t/o) ^ ■stor(i/o) -)■ star{xo) is injective, it 

follows that yi = {p\star{yQ))~^{xi) {l<i<q). □ 

Lemma 4.4 (Unique Path Lifting Property (UPLP)) Letp : Y ^ X be a covering 
morphism of global actions, u a path in X and (n_,n+) be a stabilisation pair for 
oj. Let y G p~^ {init{u:)). Then there is a unique path u in Y such that init{Cj) = y. 
(n_,n+) is also a stabilisation pair for Cj. 

Proof See [2], p.l54, proof of Lemma 10.4. □ 

Definition 4.5 (hxed end point homotopy) Let X denote a global action, x,y E X 
and u, u' be paths in X such that init(u) = initiu') = a and termiu) = term{u') = b. 
A morphism H : Lx L ^ X such that 3 ? 7 ._, n+ EX^n^ < n+ such that = ca Vn < 
n_, in = u' \/n > n+, in{m) = a Vm < n_Vn G Z and Ln{rn) = b Vm > n+Vn G Z. 

Lemma 4.6 Letp -.Y^Xbea covering of global actions. Letuj,uj' be paths in X. 
Let H -.LxL^X be a fixed end point homotopy from uj to uj'. Let y E p~^{init{u})). 
Then the lifts Cj anduj' of u resp. uj’ such that init{Cj) = init{Cj') = y are homotopic 
by a fixed end point homotopy H (this implies term{Cj) = termiuj')). 

Proof See [2], p.l54 f., proof of Lemma 10.5. □ 

Theorem 4.7 (Lifting Criterion) Let (X, xq), (U, t/o) (Z, zq) denote global ac¬ 
tions with base points. Let p : Y ^ X denote a covering morphism such that 
p{yo) = Xo and f : Z ^ X a morphism such that f{zo) = Xq. Let p* : 7ri(Y, po) 
7ri(X, xo) and /* : 7ri(Z, zq) —)■ 7ri(X, xq) be the induced maps. Suppose that Z is 
path connected. Then f lifts to a morphism f : Z ^ Y such that /(^o) = 2 /o if 
only if f^{TTi{Z,Zo)) C p^(7ri(Y, po))- 

Proof Suppose f lifts to a morphism f : Z ^ Y such that f{zo) = yo, i.e. there 
is a morphism f : Z ^ Y such that f{zo) = yo and pf = f. Then 

/*(7ri(Z,^o)) = (p/)*(7ri(Z,zo)) = p*(/*(7ri(Z, 2 : 0 ))) ^ P*{T^i{Y,yo)). 

<^=: Suppose f^{7ii{Z, zo)) Y p^(7ii(Y,yo)). Dehne a map / : Z —)■ Y as follows. 
Let z E Z. Since Z is connected there is a path ca in Z such that init{u) = Zq 
and term{uj) = 2 ;. Clearly yo G p~^{fuj{gls{uj))) = p~^[f {initiuj))) = p~^{f{zo)) = 
p~^{xo). By the UPLP fuj lifts uniquely to a path a; in Y such that initifCj) = yo- 
Dehne f{z) = term{Cj). There are several things to check. 

• / is well dehned. 

Let u and uj' be paths in Z such that init{uj) = init{uj') = Zo and term{uj) = 
termiuj') = 2 ;. Then {fu)~^{fu') is a loop in X at xo, since init[{fuj)~^{fuj')) = 
init{fu') = f{init{u')) = f{zo) = xq and term{{fu)~^{fu')) = term{fuj)~^ = 
initlfu) = f{init{u)) = f{zo) = Xq. Clearly [{fu)-^{fu')] E /*(7ri(Z, 2 : 0 )) C 
p*(7ri(Y, i/o))- Hence there is a loop r in Y at yo such that p*([r]) = [{fu)~^{fu')] 

[pr] = [{fu)~^{fu')], i.e. pr and {fu)~^{fu') are homotopic by a homotopy 
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H : L X L ^ X. By the UPLP {fuj)~^{fuj') lifts uniquely to a path A in Y with 
the stabilisation pair {gls{u'),lus{u') + lus{u) — gls{u)) such that init{\) = yo. By 
Lemma 4.6 term(X) = term(T) = yo. Set Uq = lus{u') + gls{u) — lus{u). For all 
n G Z dehne 


y{n) 


A(n), if n < lus{u'), 

\{lus{u')), if n > lus{u') 


and 


{ I/O, iin< gls{u'), 

X{lus{u') + lus{uj) — gls{u) — n + lus{uj')), if gls{uj') < n < no, 
X{lus{u')), if n > no- 


Obviously y = u' and u = u. Hence termiCj) = term^u) = X{lus{u')) = term{y) = 
term{Cj'). 


• Pf = f- 

Let z E Z. Let a; be a path in Z such that = zq and term{u) = Let u be 

the unique lift of fu such that iniiw = yo- It follows that 

{.Pf){.z) = pifiz)) = p{term{uj)) = p{oj{lus{u)) = p{fu{lus{u)) = f{z). 


• / is a morphism of global actions. 

Let {zi,...,Zg} be a local frame in Z. We have to show that {f{zi),...,f{zg)} is a 
local frame in Y. Let Ui be an arbitrary path in Z such that init{uji) = Zo and 
term{uji) = Zi. For any f G {2,..., g}, n G Z dehne 


Uiin) 


a;i(n), if n < lus{uji), 
Zi., if n > lus{ui). 


Then 


Uiin) 


d;i(n), if n < /ns(a;i), 
f{zi), if n > lu.s{uji), 


for any i G {2, ...,g}, n G Z. Hence f(z 2 ), ...,f{zg) G star{f{zi)). Since f is a mor¬ 
phism of global actions {f{zi), ..., f{zg)} a local frame in X. Since p is a covering 
morphism there is a local frame {f{zi),y 2 , •••,1/5} in Y such that p{yi) = f{zi) (2 < 
i < q). But since p\star{f{zy) bijectice by Lemma 4.3, Pi = f{zi) {2 < i < q). 


• /(^o) = yo- 

Let uj be the constant path at zo- Let a) be the unique lifting of u such that 
init{Cj) = yo- By dehnition of /, f{zo) = term{uj). Since {gls{u),lus{u)) = (0,0) is 
a stabilisatioin pair for a), u is the constant path at yo and hence term{uj) = yo- □ 

Theorem 4.8 Let {X, xq) denote a eonnected global aetion with base point and let H 
be a subgroup of7ii{X,xo)- Then there is a connected global action Xh, an element 
Xo and a covering morphism pu : Xh —t X such that PhS'^i{.Xh-iXo)) = H. 
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Proof Let {Xa Ga\c( G $} denote a connected global action with base point 
xq and let H be a subgroup of 7ri(X, xq). Let LX denote the set of all paths in X 
starting at Xq. Dehne a relation on LX by a; term{u) = term{uj') 

and G H. One checks easily that is an equivalence relation. Let Xu 

denote the set of all equivalence classes of Dehne a function ph '■ —)■ X by 

Ph{[oj\) = term{u). We will give now Ah the structure of a global action. Dehne 
= "h, {XH)a = {a G Xh\ph{cl) G (X//)a} and {GH)a = Ga- Dehne an action of 
{GH)a on {XH)a by (j[a;] = [(ja;] where 


{(Tu){n) = 


\aterm{u), iin>lus{u). 


if n < lus{u), 


We will show that the global action Xh dehned above is connected and that 
Ph : Xh —)■ X is a covering morphism such that Ph*{'^i{Xh,Xo)) = if, where 
Xq is the equivalence class of the constant path at xq. 


• Ph '■ Xh ^ X is a morphism. 

Let {[cjo], •••, [<^p]} be a local frame in Xh, i-e. {[wq], •••, ^ {XH)a for some 

a G ^H = "h and 3 (Ti, ..., Up G {GH)a = Ga such that a^cao] = [cuj] {1 <i < p). We 
have to show that {piif([a;o]), ...,^^([ 0 ;^])} = {term{ujQ ),..., term{ujp)} is a local frame 
in X. Clearly {term{ujQ), ...,terrn{ujp)} C Xa, since {[cjq], •••, [cjp]} C [XH)a- Let 
i G {1, ■■■,p}. Since [(TiUo] = (Ji[uo] = [wj], it follows that aiterm{uo) = term{aiUQ) = 
term{uji). Hence {^//([cao]), ...,pH{[<Xp\)} = {term^Uo),..., term{up)} is a local frame 
in X. 


• Ph '■ Xh —)■ X is a covering morphism. 

Let {xo, ■■■,Xp} be a local frame in X and Oq = [cu] G pJj^{xq), i.e. {xq, ■■■,Xp} C Xq, 
for some a G $ and 3gi, ...,gp G Ga such that giXQ = Xi {0 < i < p) . We must show 
that there is a unique local frame {oo, ai,..., ttp} in Xh such that pnicii) = Xi {1 < 
i < p). First we show existence. Set a* = gittQ. Then obviously {ao, oi,..., a^} is 
a local frame in Xh with the property above. Assume now that {aQ,hi, ...,hp} is 
a local frame in Xh with the property above. Then {oq, &i,..., C [Xh)i 3 for 
some (3 G ^h = "L and 3hi,...,hp G {Gh)i 3 such that foao = h {1 < i < p). 
Since hiterm{u) = pnilhiu]) = = Pnihitto) = pnih) = Xi {I < i < p) 

and analogously giterm{u) = Xi, it follows that hiU = giU {I < i < p). Hence 
bi = hitto = hi[oj\ = [hiu] = [giu] = gi[oj\ = giao = at {I <i <p). 


• Xh is connected. 

Let [cj] E Xh- By the UPLP u lifts (uniquely) to a path r in Xh starting at Xq. 
Clearly, if n G {1, ...,lus{u)} , then r(n) = [pn], where 


Pn{m) = 


uj{m), ii m <n, 
uj{n), ii m> n. 


Since term{pius(uj)) = term{u) and [(pz«s(a;)) = [a; = [constant path at Xq] G 

H, it follows that pius(uj) x) and hence termtpr) = [pius{lo)] = [i^]- Thus xq and [w] 
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are path connected and since [ca] was an arbitrary element of Xh, Xh is connected. 


• Ph*MXh,Xo)) = H. 

Let [/] G 71i{Xh, Xq). Clearly is a loop in X at Xq and I is its unique lift starting 
at Xq. It follows that [c] = Xq = term{l) = [phI] (see above), where c is the constant 
path in X at xq. Hence [{phI)c~^] G H. Since term{{pHl)c~^) = term{pHl) and 
[{{Phl)c~^)~^{phl)] = [{phI)~^{phI)] = [c] e H, it follows that p//*([/]) = [phI] = 
[{Phl)c-^] eH. a 

Corollary 4.9 A connected global action has a simply connected covering space. 

Proof Let {X,xq) denote a connected global action. First we show that pn^ '■ 
71i{Xh,xo) H is injective. Let [/], [/'] G ni{XH,xo) such that Ph*{[1]) = Ph*{[1'])- 
By Lemma 4.6, [/] = [/'] and hence pn^ is injective. Let H=[c], where c is the 
constant path in X at xq. It follows that \tii{Xh,xo)\ < 1 , i.e. Xh is simply 
connected. □ 


31 



References 


[1] A. Bak. Global actions and related objects: Fonndations. preprint, 2006. Avail¬ 
able online at 

http://www.mathematik.uni-bielefeld.de/~bak/global3.pdf; 
visited on Jnly 10th 2010. 

[2] A. Bak, R. Brown, G. Minian, and T. Porter. Global actions, gronpoid atlases 
and applications. Journal of Homotopy and Related Structures, 1(1):101-167, 
2006. Available online at 

http://www.mathematik.uni-bielefeld.de/~bak/global-groupoidl.pdf; 
visited on Jnly 10th 2010. 

[3] A. Hatcher. Algebraic Topology. Gambridge University Press, 2002. Available 
online at 

http://www.math.Cornell.edu/~hatcher/AT/ATpage.html; 
visited on Jnly 10th 2010. 


32 


Index 


base point, 25 


exponential law, 13 


exponential map, 10 


fundamental group, 25 


global action, 

oo-exponential 
oo-normal -, 
connected -, [M 
infimum -, [TT] 


11 


morphism space of two -s, 
normal -, 


product of -s, 10 


simply connected -, 25 


strong infimum -, [H 
Z-normal -, 


greatest lower stabilization, 23 


homotopy, 23 


composition of -ies, 24 
end point stable 
fixed end point - 


25 


28 


inverse of a -, 25 


Homotopy Lifting Theorem, 28 


initial point, 23 


least upper stabilization, 23 


Lifting Criterion, 28 
line action, 
local frame, 

Local-Global Lemma, 13 


loop, 23 


morphism, 

oo-normal -, 
covering -, 
normal -, 
regular -, 

stabilisation pair of a -, 23 
Z-normal -, 


path, 23 


- component, [M 
composition of -s, 23 
inverse of a -, 24 


terminal point, 23 


Unique Path Lifting Property, 28 


33 





























